
Given :  

∆ABC is inscribed in the circle ABC. O is the orthocentre. 𝑨𝑫̅̅ ̅̅ , 𝑩𝑬̅̅ ̅̅  and  𝑪𝑭̅̅ ̅̅  are altitudes. 𝑨𝑫,⃗⃗⃗⃗⃗⃗  ⃗ 𝑩𝑬⃗⃗⃗⃗⃗⃗  and 

𝑪𝑭⃗⃗⃗⃗  ⃗ cut the circle at P,Q,R respectively. 𝑷𝑹̅̅ ̅̅  & 𝑷𝑸̅̅ ̅̅  cuts 𝑩𝑪̅̅ ̅̅  𝒂𝒕 T & S. 𝑺𝑴̅̅̅̅̅  ∥ 𝑪𝑹.̅̅ ̅̅ ̅ 

Claim : RM = PT 

Construction : Join 𝑶𝑻̅̅ ̅̅  & 𝑶𝑺̅̅ ̅̅  , 𝑨𝑸̅̅ ̅̅ , 𝑸𝑪̅̅ ̅̅  , 𝑪𝑷̅̅ ̅̅ , 𝑷𝑩̅̅ ̅̅ , 𝑩𝑹̅̅ ̅̅ , 𝑹𝑨̅̅ ̅̅  

Proof:  

Let 𝒎∠𝑪𝑹𝑷 =  𝜽 

⟹ 𝒎∠𝑺𝑴𝑷 =  𝜽 as  𝑪𝑹̅̅ ̅̅ ∥ 𝑺𝑴̅̅̅̅  ̅

𝒎∠𝑷𝑹𝑪 = 𝒎∠𝑷𝑨𝑪 =  𝜽 

Inscribed in the arc PAC  

Now in ∆𝑨𝑶𝑬 𝒎∠𝑨𝑬𝑶 = 𝟗𝟎 𝒂𝒏𝒅  

𝒎∠𝑶𝑨𝑬 =  𝜽   ⟹ m∠𝑨𝑶𝑬 = 𝟗𝟎−  𝜽   ( Opposite angle) 

⟹ 𝒎∠𝑩𝑶𝑫 = 𝟗𝟎 −  𝜽 

In the ∆𝑩𝑶𝑫  m∠𝑩𝑫𝑶 = 𝟗𝟎 𝒂𝒏𝒅 𝒎∠𝑩𝑶𝑫 = 𝟗𝟎 −  𝜽 ⟹  𝒎∠𝑩𝑶𝑫 =  𝜽 

m∠𝑪𝑩𝑸 =  𝐦∠𝑪𝑨𝑷 =  𝜽 ⟹PC = CQ 

m ∠𝑪𝑨𝑸 = 𝒎∠𝑪𝑩𝑷 =  𝜽 𝒎∠𝑷𝑸𝑪 = 𝒎∠𝑪𝑷𝑸 =  𝜽 

Let 𝐦∠𝑩𝑨𝑷 =  𝜶  ⟹ 𝒎∠𝑩𝑹𝑷 = 𝒎∠𝑩𝑸𝑷 = 𝜶 (inscribed in the arc BAP) 

Now in the right ∆AFO, m∠𝑨𝑶𝑭 = 𝟗𝟎−  𝜶 ⟹  𝐦∠𝑪𝑶𝑫 = 𝟗𝟎−  𝜶  

Hence 𝐦∠𝑶𝑪𝑫 =  𝜶 ⟹  𝐦∠𝑹𝑪𝑩 =  𝜶 

𝐦∠𝑹𝑪𝑩 =  𝐦∠𝑩𝑨𝑷 =  𝜶 ⟹  𝐁𝐑 = 𝐁𝐏 

If 𝐦∠𝑨𝑷𝑸 =  𝜷, then 𝐦∠𝑨𝑩𝑸 =  𝜷 and 𝒎∠𝑩𝑶𝑫 =  𝟗𝟎− 𝜷  as m∠𝑩𝑭𝑶 = 90 

Now, m∠𝑩𝑶𝑭= m∠𝑪𝑶𝑬 − 𝟗𝟎−  𝜷 

⟹ m∠𝑶𝑪𝑬 =  𝜷 𝒂𝒔 𝒎∠𝑶𝑬𝑪 = 𝟗𝟎 

⟹ m∠𝑹𝑪𝑨 =  𝜷  Now m∠𝑹𝑪𝑨 = m∠𝑨𝑷𝑸 =  𝜷 ⟹AR=AQ and  

And hence m∠𝑨𝑪𝑸 = 𝐦∠𝑨𝑷𝑹 = 𝐦∠𝑨𝑩𝑹 =  𝜷 

Now in ∆𝑷𝑻𝑫& ∆𝑷𝑺𝑫 𝐦∠𝑻𝑷𝑫 = 𝐦∠𝑺𝑷𝑫 =  𝜷 

𝐦∠𝑷𝑫𝑻 = 𝐦∠𝑷𝑫𝑺 = 𝟗𝟎 ,𝑷𝑫̅̅̅̅̅ 𝒄𝒐𝒎𝒎𝒐𝒏 ⟹ ∆𝑷𝑫𝑻 ≅ ∆𝑷𝑫𝑺 

⟹ DT = DS 

Similarly in ∆𝑩𝑷𝑫 & ∆𝑩𝑶𝑫 

m∠𝑩𝑫𝑷 =  𝒎∠𝑩𝑫𝑶 = 𝟗𝟎,𝒎∠𝑷𝑩𝑭= 𝒎∠𝑶𝑩𝑫 =  𝜽,𝑩𝑫̅̅̅̅̅ common  

⟹ ∆𝑩𝑷𝑫 ≅  ∆𝑩𝑶𝑫 ⟹ 𝑶𝑫 = 𝑷𝑫 

Now in the quadrilateral OTPS, OD = PD & DT = DS 

⟹ 𝑶𝑻𝑷𝑺  is a parallelogram 

⟹ 𝑶𝑻̅̅ ̅̅   ∥ 𝑷𝑺̅̅ ̅̅  and 𝑶𝑺̅̅ ̅̅   ∥ 𝑷𝑻̅̅ ̅̅  and OS= PT 

 𝑶𝑻̅̅ ̅̅   ∥ 𝑷𝑺̅̅ ̅̅  and 𝑶𝑺̅̅ ̅̅   ∥ 𝑷𝑻̅̅ ̅̅  and OS=PT 

 ⟹ 𝑶𝑺̅̅ ̅̅   ∥ 𝑷𝑻̅̅ ̅̅ ⟹ 𝑶𝑺̅̅ ̅̅   ∥ 𝑹𝑻̅̅ ̅̅   ⟹ 𝑶𝑺̅̅ ̅̅   ∥ 𝑹𝑴̅̅ ̅̅  ̅

𝑶𝑺̅̅ ̅̅   ∥ 𝑹𝑴̅̅ ̅̅  ̅ & 𝑺𝑴̅̅̅̅  ̅ ∥ 𝑪𝑹̅̅ ̅̅ ⟹ ROSM is a parallelogram 

⟹ OS = RM but OS = PT already proved  

Hence RM = PT proved. 
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